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ABSTRACT 

The problem of determining the  pressure  g rad ien t  required t o  main ta in  

a spec i f i ed  wal l  shear  i n  a boundary l aye r  f o r  a given i n i t i a l  shear  p r o f i l e  

i s  t r e a t e d  by so lv ing  the  Crocco equation. It i s  found t h a t  a n a l y t i c  s o l u t i o n s  

a r e  r e a d i l y  obta inable  ::';si tlie problem i s  r e s t r i c t e d  t o  the  case of continuous 

wal l  shear .  T o  i l l u s t r a t e  t he  method the  case of cons tan t  w a l l  shear  has  been 

t r e a t e d  f o r  i n i t i a l  p r o f i l e s  obtained from suc t ion  and i n j e c t i o n  over a f l a t  

p l a t e ,  assuming t h a t  t he  suc t ion  o r  i n j e c t i o n  i s  terminated a t  t h e  s t a t i o n  

of t he  i n i t i a l  p r o f i l e .  Both the  pressure grad ien t  and t h e  downstream shear  

p r o f i l e  has  been computed i n  each case. 
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free stream velocity at outer edge of initial profile 

free stream velocity at station X 
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INTRODUCTION 

I n  view of t h e  inf luence  of the boundary l aye r  on t h e  performance 

c h a r a c t e r i s t i c s  of f l i g h t  v e h i c l e s ,  any method of c o n t r o l l i n g  t h i s  flow 

region i s  of g r e a t  i n t e r e s t .  Skin f r i c t i o n ,  hea t  t r a n s f e r  and the  l o c a t i o n  

of t he  s e p ~ r a t l c n  p i n t  a r e  p rope r t i e s  of t he  boundary l aye r  which p lay  a 

d i r e c t  r o l e  i n  performance. Of these ,  t he  f i r s t  two a r e  reduced by a 

p o s i t i v e  pressure  grad ien t  o r  by the  i n j e c t i o n  of f l u i d  normal t o  t h e  w a l l ,  

whi le  s epa ra t ion  is  delayed by a negat ive pressure  g rad ien t  and w a l l  

suc t ion .  Optimization of t hese  p rope r t i e s  t h e r e f o r e  implies  a compromise. 

I n  p a r t i c u l a r  it may be d e s i r a b l e  t o  reduce s k i n  f r i c t i o n  and h e a t  

t r a n s f e r  by i n j e c t i o n  over t h e  f r o n t a l  a r ea  of body where p re s su re  g rad ien t  

i s  o f t e n  predetermined by o ther  requirements. Af t e r  t he  te rmina t ion  of i n j e c t i o n  o r  

suc t ion  these  p rope r t i e s  may be kept  a t  a s u i t a b l y  low l e v e l  by t h e  

a p p l i c a t i o n  of an appropr ia te  pressure  g rad ien t .  A t  t h e  same time the  

pressure  grad ien t  must not  be such a s  t o  unduly has t en  sepa ra t ion  so  t h a t  

a knowledge of t he  p rec i se  e f f e c t  of the pressure  grad ien t  i s  needed. We 

a r e  thus  faced with the  problem of being given an i n i t i a l  boundary l a y e r  

flow and subsequently determining the  pressure g rad ien t  required t o  maintain 

a s p e c i f i e d  wa l l  shear  from then on. 

One of t h e  e a r l i e r  a t tempts  t o  continue a boundarylayer de te rmina t ion  from 

given i n i t i a l  cond i t ions  was t h a t  of Goldstein") who assumed an i n i t i a l  

v e l o c i t y  p r o f i l e  toge ther  with a f r e e  stream pressure  g rad ien t  and ca l cu la t ed  

the  w a l l  shear .  Unfortunately t h e  convergence p rope r t i e s  of h i s  so lu t ion  were 

poor. This  may have been caused by two f a c t o r s  i n  h i s  ana lys i s :  a)  a d i s -  

c o n t i n u i t y  was permit ted i n  the  wa l l  shear a t  the  i n i t i a l  s t a t i o n  by l eav ing  

i n i t i a l  shear  and pressure  grad ien t  completely a r b i t r a r y .  I n  f a c t ,  t h e  s tudy  

of t he  behavior of t he  boundary l a y e r  i n  the  neighborhood of such d i s c o n t i n u i t i e s  

was one of t h e  purposes  of t h e  a n a l y s i s .  b) The i n i t i a l  v e l o c i t y  p r o f i l e  was 
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specified as a power series in y, a variable with a range 0 5 y < 00. It was 

thus impossible to represent the entire profile by a small number of terms 

valid over the entire range of y. 

maintained,the above difficulties are avoided in the present paper. The 

While the approach of Goldstein is 

among them the determination of downstream profiles after injection or suction 

is suddenly terminated. The second difficulty is circumvented by working with 

the Crocco equation which employs the velocity as an independent variable. 

Since the range of the dimensionless velocity is finite, 0 5 u 5 1 it becomes 

feasible to represent a wide variety of initial profiles by polynomials in u 

valid over the entire profile. The author wishes to thank Dr. Antonio Ferri 
for suggesting this problem. 

BASIC EQUATIONS 

For two dimensional, incompressible, viscous flow over a plane surface 

the Prand t 1 boundary layer eqs. hold : 

cont . 

x momentum 

y momentum 

As pointed out in the introduction, however, the physical or X, Y plane is 

inconvenient for our purposes because of the difficulty of representing an 

initial condition in these variables. Furthermore, since it is eventually 

(3) 
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des i r ed  t o  s e t  boundary condi t ions i n  terms of t he  v e l o c i t y  d e r i v a t i v e  a t  t he  

wa l l  (UY) y=o * i t  seems appropriate  t o  work with t h e  shear  as t h e  dependent 

~ a r i a b l e ' ~ ) .  

s u i t a b l e  f o r  t h e  purpose a t  hand. 

with respect t o  U,, t h e  fi-ee s i r e a m  v e i o c l t y ,  a t  an i n i t i a l  s t a t i o n  and a 

r e fe rence  l eng th  L i s  introduced which may be c h a r a c t e r i s t i c  of t he  su r face  

geometry o r  perhaps a measure of t he  d i s t ance  of t h e  i n i t i a l  s t a t i o n  from a 

leading edge. We introduce t h e  dimensionless shear  v a r i a b l e  

It appears t h e r e f o r e  t h a t  t h e  Crocco transformation") would be 

The v e l o c i t y  i s  f i r s t  non-dimensionalized 

toge the r  with the  t ransformation 

u = u(x /*  y I )  

/ x = x  

of which t h e  inverse i s :  

primes r e f e r r i n g  t o  the  physical  plane.  Upon e l imina t ion  of v with t h e  a i d  

of t he  c o n t i n u i t y  equation t h e  r e s u l t i n g  transformed momentum equat ion f o r  

the dimensionless shear  cp i s  the  we l l  known Crocco eq. (3) 

(5) 

Like the  h e a t  conduction equat ion,  t h i s  equat ion i s  pa rabo l i c  i n  c h a r a c t e r ,  

which means t h a t  condi t ions spec i f i ed  a t  a given s t a t i o n ,  x, have no upstream 
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i n f luence .  It i s ,  the re fo re ,  s u f f i c i e n t  f o r  t h e  determination of a s o l u t i o n  

t o  set  an i n i t i a l  cond i t ion  i n  t h e  form of an i n i t i a l  shear  p r o f i l e  Cp(0, u) 

a t  a s t a t i o n  which s h a l l  serve a s  the o r i g i n  x = 0,  t oge the r  with boundary 

cond i t ions .  

BOUNDARY CONDITIONS 

The boundary cond i t ions  t o  be s e t  f o r  t he  problem t r e a t e d  he re  d i f f e r  

somewhat from those commonly used i n  boundary l a y e r  theory.  

the wa l l ,  which i s  g e n e r a l l y  t h e  quan t i ty  t o  be determined, i s  h e r e  spec i f i ed  

beforehand : 

The shear a t  

t he  ob jec t  being t o  determine t h e  f r e e  stream cond i t ions  required t o  ob ta in  

t h e  given w a l l  shear.  We see, the re fo re ,  t h a t  t h e  pressure g rad ien t  

c h a r a c t e r i s i n g  the  f ree  stream does not appear as a known func t ion  i n  eq. (6) .  

To so lve  the  Crocco equat ion,  p w i l l  be w r i t t e n  i n  a convenient func t iona l  

form containing undetermined constants .  It i s  t o  be understood t h a t  t h e  

gene ra l  s o l u t i o n  f o r  cp w i l l  be i n  terms of t h e s e  constants .  Once such a 

s o l u t i o n  i s  obtained, t h e  cond i t ion  t h a t  v = 0 a t  t h e  w a l l  r e q u i r e s  t h a t  p 

s a t i s f y  t h e  r e l a t i o n  

X 

X 

which s e r v e s  t o  determine the constants  appearing i n  p . 
The boundary condi t ion a t  t h e  junct ion of t h e  f r e e  stream with t h e  viscous 

X 

l a y e r  r e q u i r e s  some s p e c i a l  considerat ion.  

s p e c i f i c a l l y  t h a t  cp = 0 when u = u 

l aye r .  

It has  been customary t o  s ta te  

the  v e l o c i t y  a t  t h e  ou te r  edge of t h e  
e 

Consider, however, t h e  simpler but analogous problem of h e a t  conduction 
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in a semi-infinite rod. When the initial temperature approaches a finite value ! 

as y --)a, it is only necessary to specify the boundary value of the temperature 

at y = 0. No specification is imposed at y +a. Instead the solution is 

required to be bounded and regular at infinity. 

the temperature will then approach t h e  i n i t l a l  teaprLaiure as y + a. This 

is an expression of the physical situation that conditions at y = 0 cannot 

in a finite time influence the temperature of the rod infinitely far away 

by conduction. 

is a parabolic phenomenon. Therefore, if the shearing stress in an initial 

profile approaches zero as y becomes infinite,we nay suppose that in the absence 

of discontinuities at the outer edge of the viscous layer the shear will auto- 

matically approach zero in subsequent downstream profiles. This means that 

aside from an appropriate restriction on the boundedness or regularity of Cp 

as y + a for x 2 0 we are not required to set an explicit boundary condition 

at the outer edge of the boundary layer. In this context the requirement that 

a solution be free of singularities as y + 03 is the mathematical counterpart 

of the physical requirement that there be ne external disturbances in the 

free stream just at the outer edge of the boundary layer. 

The resultant solution for 

Like heat conduction the diffusion of vorticity from the wall 

To insure the proper behavior of the shear profile, i.e. lim cp(x, u) = 0, 
Uqe 

the initial profile cannot be completely arbitrary. To begin with as we have 

already implied, we must require ~(0, 1) = 0. 

proper solutions have been investigated by Reihnb~ldt'~) and discussed by 

others(5). 

yet available and our principal guide t o  the correctness of a given initial 

profile must still be the plausibility of the results obtained. It is proposed 

Sufficient conditions to obtain 

Unfortunately a formulation of the necessary conditions is not 

in this paper that T(0, u) be represented by a power series in u 

Cp(0, u) = c c un L n  0 (9) 
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the coefficients C being subject to the conditions n 

a) v(0, 1) = 0 

5 )  The variable y = r(q/u)du is single valued. 

c) y + a  a s u j l  
0 

For most practical applications the series is terminated snd q(0, E> I S  

represented by a polynomial in u for 0 5 u < 1. Finally the wall shear 

is given as a power series in x , i.e.: 1 /3 

The reason for this particular choice in the form of the wall shear will 

become evident when the solution for So is considered. 

SOLUTION OF THE CROCCO EQUATION 

Although our solution is required to be continuous at the outer edge of 

the boundary layer to be acceptable on physical grounds no such stipulation 

is made af the wall. Since initial and boundary conditions are arbitrarily 

specified along two intersecting lines discontinuities may occur in cp and its 

derivatives at the point of intersection, which in this case is taken as the 

origin. Employing a technique used by Goldstein ( "3  (6) specifically to 

investigate boundary layers with shear discontinuities at the wall, we introduce 

new coordinates: 

in terms of which the Crocco eq. (6) becomes: 

(12) 
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The p res su re  g rad ien t  p w i l l  be represented i n  the  general  form: 
X 

I n  compliance with e a r l i e r  remarks regarding t h e  na tu re  of cp a t  the  o u t e r  

edge of the  l a y e r  w e  seek s o l u t i o n s  t o  eq. (12) i n  t h e  form of a s e r i e s  

Af t e r  s u b s t i t u t i o n  of eq. (14) i n t o  (11) and equating the  c o e f f i c i e n t s  of 

l i k e  powers of 5 ,  equat ions are obtained f o r  the cp n' 

3cp2OcpI' + /3"Cp: + (6cp0Cp:: - f3)Q = - 3A ~ p '  
0 0  

(15) 

n-1 n-k 

To t r a n s l a t e  t h e  boundary and i n i t i a l  cond i t ions  i n t o  boundary cond i t ions  

f o r  Cp we note f i r s t  t h a t  i n  the  x, u plane l i n e s  of p = cons t .  a r e  a family 

of curves passing through the  o r ig in .  The w a l l  corresponding t o  p = 0 while 

t he  u a x i s  i s  approached as f3 -m, 5 * 0 with u f i n i t e .  

and comparing it  with t h e  boundary condition eq.  (10) we immediately ob ta in  

n 

S e t t i n g  8 = 0 i n  eq. (14) 

co,(O> = fn  
7 



The second cond i t ion  i s  found by wr i t i ng  eq. (14) i n  t h e  form 

which a t te r  l e t t i n g  B tend t o  i n f i n i t y  and comparing with eq. 9 y i e l d s  

Equations (15) begin with a non-linear equation f o r  cp followed by inhomo- 
0 

geneous l i n e a r  equat ions f o r  cp i n  which cp and i t s  d e r i v a t i v e s  appear as 

c o e f f i c i e n t s .  Thus, un le s s  cp i s  simple i n  form it  would be necessary t o  r e s o r t  

t o  numerical methods t o  solve t h e  system. From t h e  boundary cond i t ion  eqs.  (16) 

and (18) we see t h a t  rpo(0) = f I f  we  l i m i t  ourselves  t o  cases  

f o r  which the wa l l  shear i s  continuous a t  t h e  o r i g i n  i . e . :  f o r  which f o  = Co = T, 

it i s  evident  t h a t  a s o l u t i o n  f o r  cp s a t i s f y i n g  i n i t i a l  and boundary condi t ions 

is: 

n 0 

0 

and l i m  rp - - Co. 
0 

B" 
0 

0 

rpo = 7 

I n  t h i s  event t he  d i f f e r e n t i a l  equation f o r  Q becomes: 

3 T 2 4  + f32Q' - pep, = 0 

By inspec t ion  it  can immediately be seen t h a t  one s o l u t i o n  t o  eq. (20) i s  

= f3 and t h a t  a complete s o l u t i o n  i s  obtained 

and (18) 

-83 /9T2 
w = C , P  + f l B  p @2 

B 

a f t e r  a p p l i c a t i o n  of eqs .  (16)  

d$ 
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In the analysis that follows we shall limit ourselves to the case of constant 

wall shear, i.e.: 

F = T  
0 

f n = o  n 2 l  

for which we have 

cp, = ClB 

The equations for subsequent function cp may then be written n 

where 

n- 1 n-k 

In view of the boundary condition expressed by eq. (18) we introduce the new 

variable Jr = cp,/@ obtaining from eq. ( 2 4 )  n 
n 

6 ~ ” n  I 3n(n-1)1-” 
37”Jr” + (@“ + -)I& + p2 Jr = rn(B) n B 

for which two homogeneous solutions may be found (7) 
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Fl ia, by z }  representing the confluent hypergeometric function. Knowing the 

homogeneous solution the complete solution to eqs. (26) or (25) may be written 

for n 2 2 

where 

Application of the boundary condition at the wall eq. (16) yields in view 

of the restriction eqs, (22) representing the constancy of the wall shear 

En = 0 (29) 

The requirement of v = 0 at the wall, eq. (8) together with eqs. (13) and (29) 

determine the coefficients A appearing in the pressure gradient. Thus, n 

or 

D 7 A =  n 2 1/3 ntl 
(97 1 
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It now remains t o  determine D 

t h e  i n i t i a l  cond i t ion  eq. (18) and solving f o r  D . n 

by s u b s t i t u t i o n  of eq. (28) with En = 0 i n t o  n 

where w e  note  t h a t  s i n c e  r con ta ins  the c o e f f i c i e n t s  D “*Dn-l(Do = (972)1’37,with 
n 0’ 

= (9T2)1 /3CT)  t he  cons t an t s  D- may be evaluated successively.  The complete 

by d i r e c t  cons ide ra t ion  

11 

s o l u t i o n  f o r  Q(@) i n  p a r t i c u l a r  i s  more r e a d i l y  a r r ived  a t  

of eq. (15) f o r  n = 2 .  

By inspe t i o n  a p a r t i c u l a r  s o l u t i o n  i s  seen t o  be - 
t h e  complete s o l u t i o n  a f t e r  s e t t i n g  & = 0 is: 

2/2T 

& being determined from the  boundary condi t ion eq.  ( 3 2 )  

( 3 3 )  

9 T 2 ) ’ l 3  so t h a t  

Evaluating r3(5) and employing recursion r e l a t i o n s  f o r  t h e  func t ions  we  

have 

11 



~ ( 5 )  i s  then obtained from eq. (28) with n = 3 

cF3 (0 = 4 y 3 ( 5 )  - ’f3 ( C ) [ y k 3 , 1 ( 5 >  - * y2  (4 
where i n  general  

f o r  which 

Carrying out t he  d i f f e r e n t i a t i o n s  indicated f o r  F4y3 and F4 we have i n  
Y 

(37) 

( Y . G .  .)” = Y;(C)Gi, j (<)  - 3C2e-C3 s c Y i ( &  IFi,  j(<l)eS’dcl + Pi, j(<) (40 )  1 ~ Y J  Yi(S) 

12 



Finally the coefficients D3 and D4 are evaluated from eq. ( 3 2 )  

Qy% ,1 - * ,2 (9) 3 w2 r 3 1  
=r(4 /3)LC3+T-(972) \  

Although the expressions for n > 4 are increasingly complex,no qualitatively 

new features are introduced and higher order terms may be evaluated in the 

same manner as cp4. 

EVALUATION OF THE FUNCTIONS G. (5) l,j 

The formulation presented above has the advantage of yielding solutions 

for cpn(@) in closed form. Unfortunately the integrals appearing in the form 

of G. (5) are generally too complex to be evaluated analytically. However, 

recursion relations materially reduce the number of functions H (5) to be 

computed and a careful consideration of the specific form of the doubie integrals 

xi 
n 

involved indicates that the numerical evaluation of G. .(5) is quite feasible. 
1 , J  

An immediate difficulty encountered if we simply attempt to evaluate the 

first integral of G. is the magnitude of the exponential term. Since G. 
1,j 1,j 

approaches its asymptotic value closely only for 5 > 5 it is evident that we 

would be forced to compute numbers of the magnitude of exp. (100) and larger, 

making evaluation by computers impractical. If on the other hand we deal 

directly with the function 

13 



t h i s  d i f f i c u l t y  may be circumvented. 

N small  f i e l d s  of ex ten t  Ac and w r i t i n g  

Breaking t h e  f i e l d  of i n t e g r a t i o n  i n t o  

E 1  (X) = e -(NAC)3JNAie5~yi(5~)Fi, j(C1 )dCl 
0 i, j ( 4 3 )  

we no te  t h a t  t h i s  may be f u r t h e r  broken down. 

I f  Ac i s  s u f f i c i e n t l y  small ,  t h e  f i r s t  i n t e g r a l  on t h e  r i g h t  s i d e  of eq. ( 4 4 )  

may be approximated t o  o b t a i n  

For any given s t e p  AC t he  exponent ia ls  involved are now cons--?ra-ly s m a  .er  

and E 1  (5) may be obtained through a s t e p  by s t e p  procedure. G. (5) i s  

obtained by d i r e c t  numerical i n t e g r a t i o n  of 
i , j  1, j 

Conveniently t h e  func t ions  E 1  

the funct ions appearing i n  ( Y . G  

computed f o r  t h e  G e t c .  

evaluated i n  t h e  above manner a r e  p r e c i s e l y  
ia j 

1 i , j  
) ‘  and (YiGiaj)”  eqs .  (40)  which must be 

i+l, j 

For t h i s  p a p e r  t h e  G have been computed on an IBM 1620 computer and 
i , j  

a r e  presented i n  Table 1 and Figure 3 .  Estimated accuracy i s  wi th in  two 
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percent for the chosen interval of Ac = .05. 

APPLICATIONS 

The continuation of the asymptotic suction profile(8) is a particularly 

good z p p l i z a t i o ~  of t h e  &eve thecry.. The in i t i a l .  sheer Trofi le  is given 

exactly by the expression 

cp(0,u) = 2(1-u) (47) 

The characteristic length chosen is the distance from the leading edge of 

the plate to the position at which the asymptotic form of the profile is to 

all intents and purposes reached"). Downstream of the profile represented 

by eq. (47) the uniform suction is terminated and shear profiles for x = .2 and 

.4 have been computed and presented in Fig. (1). The pressure gradient for 

constant wall shear cp(x,O) = 2 is in this case 

= - *[6.6039 - 11.014~~'~ + 11.579~~'~ - 5.771~ + ...I (48) 
(36) 

PX 

Terms up to q3(5)F3 were used in computing the shear, a third order expression 

in this instance giving better results than a fourth order one. The computation 

of cp4 involved a small difference between two large numbers occurring in the 

coefficient of Y4 thus requiring very high accuracy in the determination of 

G (5). This situation does not arise however in the determination of p for 

which terms up to 

integrating eq. (48) for px and employing the Bernoulli relation for the outer 

i,j X 

are used. A s  a check ue was determined by 

edge of the boundary layer. 
2 U e p-t-= 2 %  (49) 

From Fig. (1) it  is seen t h a t  the value of u for which Cp becomes zero agrees 
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very w e l l  wi th  u obtained from eq. (49) t hus  bear ing out t h e  remarks i n  t h e  

s e c t i o n  dea l ing  with boundary conditions.  

e 

A second a p p l i c a t i o n  of importance i s  t h e  con t inua t ion  of a p r o f i l e  on 

a f l a t  p l a t e  with i n j e c t i o n ( l O )  up t o  our i n i t i a l  s t a t i o n  a t  a v e l o c i t y  

- 
Vo = - C*Um/2J R q X 

o r  

* For t h i s  p a r t i c u l a r  case we have chosen C 

d i s t a n c e  from t h e  leading edge t o  the  i n i t i a l  s t a t i o n .  A cubic  polynomial i n  u 

w a s  found t o  provide a good f i t  t o  t h e  i n i t i a l  p r o f i l e  as seen i n  F ig .  (2). 

Again terms up t o  QS3were used i n  computing downstream p r o f i l e s  a t  x = .4, 

.8 and 1 . 2 .  The pressure g rad ien t  required f o r  cons t an t  w a l l  shear  was found 

t o  be f o r  Cp = .175: 

= - % with L aga in  chosen as the  
9 

- - c.0846 + .1854x ‘I3 - .09722x 2 / 3  - .02677x] 
PX (9,2)1’3 

It i s  i n t e r e s t i n g  t o  note  t h a t  the px i s  i n i t i a l l y  nega t ive  f o r  t he  suc t ion  

p r o f i l e  and p o s i t i v e  f o r  t h e  i n j e c t i o n  p r o f i l e .  This  i s  t o  be expected on 

physical  grounds s ince  i n  t h e  s u c t i o n  p r o f i l e  w e  would expect i n  t h e  absence 

of a p re s su re  g rad ien t  t h a t  v o r t i c i t y  would tend t o  d i f f u s e  away from t h e  w a l l  

where i t  i s  h ighes t .  To maintain t h e  v o r t i c i t y  o r  shear  w e  would t h e r e f o r e  need 

a drop i n  pressure.  For the  i n j e c t i o n  p r o f i l e  t h e  maximum v o r t i c i t y  i s  found a t  

a po in t  above the  w a l l .  We would, t h e r e f o r e ,  expect v o r t i c i t y  t o  tend t o  d i f f u s e  

away from t h i s  po in t  toward t h e  w a l l  (as w e l l  as toward t h e  f r e e  stream). 

keep t h e  shear  a t  t h e  w a l l  from increasing,an inc rease  i n  pressure i s ,  t h e r e f o r e ,  

required i n i t i a l l y .  

To 

16 



CONCLUSION 

A method of determining t h e  pressure g rad ien t  required t o  maintain a 

cons t an t  wa l l  shear  i n  a boundary l aye r  when given an i n i t i a l  shear p r o f i l e  

has  been developed. The method a l s o  y i e l d s  an a n a l y t i c  r e s u l t  f o r  downstream 

shear  p r o f i i e s  i n  terms of tabulated universal. funct ions.  The theory has  

been appl ied t o  t h e  cases  of p r o f i l e s  derived from a) constant  suc t ion  over 

a f l a t  p l a t e  and b) i n j e c t i o n  normal t o  a f l a t  p l a t e  with v e l o c i t y  v p ropor t iona l  

t o  l/& . 
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